Starting from the Riemann-Liouville and the Weyl calculus compositions offractional integral and fractional differential operators are studied in this paper. These composite operators and their inverses admit descriptions as integral transformations with Gegenbauer functions in their kernel. Rodriques type formulas for Gegenbauer functions and new relations for fractional differential and integral operators are derived. Thus classical results on integral equations of Mellin convolution type are extended and unified.
Introduction
Mellin convolution equations, where the convolutor is the product of an algebraic function and a Gegenbauer polynomial or, more generally, a modified Legendre function, has been the subject of various papers, d. Buschman [4}, Erdelyi [9] , Sneddon [13] , Higgins [10] and Deans [5] [6] . These convolution equations correspond to integral transformations which can be composed of operators of fractional differentiation and fractional integration. Thus existence and uniqueness of a solution can be proved. In the aforementioned papers expressions of the solutions were derived merely on the basis of properties of the Mellin transformation and tedious calculations. In this paper we develop a more concise approach starting from new relations for fractional operators. Thus we cover the classical results and obtain considerable extensions. We remark that for a greater part this paper is based on results stated in the PhD-thesis of one of the authors, d. [1] . 
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The plan of the paper is the following.
The first two sections contain some relevant material on the Weyl fractional calculus and the Riemann-Liouville fractional calculus. In Section 3 a Rodriques type formula for Gegenbauer functions is discussed and in Section 4 the so called Gegenbauer transformations. In Section 5 Mellin convolution equations are studied and comparisons with results from literature are presented.
Our discussion starts with the space £+ of all infinitely differentiable functions on R+ = (0,00). In £+ we introduce the operators M a , a E H, Tp, P E R\ {O} and :E t , t E R+ 
Tp M a = Mpa Tp .
For V the differentiation operator we have
and so v n Tp is a linear combination of the operators Mjp-n Tp V j , j = 1, ..., n. 
The Weyl calculus
And further W-n =(_1J)n. For these reasons, the Weyl operators W"" J.l E R, yield a fractional calculus for the operator -1J by defining (-1J)'" =W_"', J.l E R.
Next we introduce the Erdelyi-Kober operators W""p, J.l E R, p> 0 as For fixed p > 0, the operators W""p establish a one-parameter group on S~. By (1) and (2) we have
So the Erdelyi-Kober operators W""p, J.l E R yield a fractional calculus for the operator
In this paper we use the Erdelyi-Kober operators W",,2 and we set W'" = W",,2' J.l E R.
For J.l > 0 we have (7) x> o. 
Using the Euler type integral (cf. [7, formula 3.199 
where c < a < b, the assertion follows for positive JL and v.
So for JL, v > 0 we obtain by rewriting the equality and by inverting Thus all possible cases are covered.
The relation stated in the next theorem is fundamental for this paper. 
Then we obtain and the stated identity for J-L > -1 has been settled. By (1) and (2) Furthermore, for It > -~8
To be of convenience later, we introduce the notations C:; and 9:; denoting the restrictions of C~to (1,00) and (0,1), respectively. Hence (23) O<x<l.
Since P:; =P~"'-1 and p~= P~"'-ll see [6,3. 3.1(1),3.4 (7)] we have
The following integral relations generalize the Rodriques' formula for Gegenbauer polynomials.
Theorem 3.1.
Proof.
(i) By substitution oft = x -(x -1)8 we derive consecutively
We note that
so that
(ii) The proof of the second integral formula runs along the same lines.
o To see that the integral relations in Theorem 3.1 generalize the Rodriques' formula for the Gegenbauer polynomials, we take J-L = V = n in Theorem 3.1 and differentiate n times. Then we obtain which are in correspondence with (13).
Other Rodriques type formulas for Gegenbauer functions are presented in the following theorem.
Theorem 3.2.
Proof. For n = 0 the formulas are obvious. For n E N they follow by setting J.L := n, A := A-n and v := v+n in Theorem 3.1 and by differentiating the integral relation thus obtained, n-times. Then for f E S~,
'"
And for fESt
Starting from the definitions of WjJ and W). and by (21) we obtain 00 t
.rL) / (/ (t
'" til By Theorem 3.1(ii) we obtain Hence for >., J.L > 0 the stated integral relation is established.
Choose n E N so large that J.L +n > O. Using the previous result and Theorem 3.2(ii), and (24) the stated integral relation can be derived using the previous result. Relations (ii), (iii) and (iv) are proved with the same techniques. 
00
(ii)
:II And for fESt.. 
WOv,>. = WO-v-2 >.,>' ,
(i) According to Definition 4.2 and Corollary 1.4(i)
In the same way (ii), (iii) and (iv) are proved.
o According to the definition of the Gegenbauer transformations their inverses are Gegenbauer transformations, also. 
Remark. For
Take T =~. and (T = s, then the latter expression equals
The proof of (b) runs the same.
Integral equations involving Gegenbauer functions
On the basis of the theory developed in Section 4 we can solve the integral equations 
In this section we discuss the equation (26) 
For specific values of the parameters >.,V, the Gegenbauer function kernel in the integral equation (26) reduces to a Gegenbauer polynomial or to one of its special cases, a Legendre polynomial or a Chebyshev polynomial. Convolution integral equations with such polynomial 16 kernels have been treated by Li [11] , Buschman [2] , [3] , [4] , and Higgins [10] . In these papers the solution of the integral equation seems to have been found by clever guessing, supported in [3] by a formal application of the Mellin transformation. The proposed solution is then verified by substitution into the original integral equation. The verification requires the (lengthy) computation of a special convolution integral.
It is the aim of this section to show that the solutions of Li, Buschman, and Higgins, can be found systematically as special cases of our solution (29) with specific values assigned to the parameters A, JL, v, p, b. In addition, we present alternative expressions for the solution of the integral equations considered, obtained by specialisation of (30) and (31).
In the course of his work in aerodynamics, Li [11] was led to an integral equation with a Chebyshev polynomial of the first kind as its kernel. He showed that the integral equation 
Inspired by Li's work, Buschman [2] considered an integral equation with a Legendre polynomial as its kernel. He showed that the integral equation 
with the solution 
The corresponding specialisation of (30), (31) yields the following alternative expressions for g:
From (29) it follows that the expression (41) for 9 remains valid for non-integral n > p"
provided that 
